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Since the seminal ideas of Berezinskii, Koster-
litz and Thouless, topological excitations are at
the heart of our understanding of a whole novel
class of phase transitions. In most of the cases,
those transitions are controlled by a single type of
topological objects. There are however some sit-
uations, still poorly understood, where two dual
topological excitations fight to control the phase
diagram and the transition. Finding experimen-
tal realization of such cases is thus of consider-
able interest. We show here that this situation
occurs in BaCo2V2O8, a spin-1/2 Ising-like quasi-
one dimensional antiferromagnet when subjected
to a uniform magnetic field transverse to the Ising
axis. Using neutron scattering experiments, we
measure a drastic modification of the quantum
excitations beyond a critical value of the magnetic
field. This quantum phase transition is identi-
fied, through a comparison with theoretical cal-
culations, to be a transition between two different
types of solitonic topological objects, which are
captured by different components of the dynam-
ical structure factor.
The pioneering work of Berezinskii, Kosterlitz and
Thouless (BKT)1,2 has enlightened the role played by
topological excitations in the two dimensional classical
XY model. Since then, the topological aspects have been
found to be crucial not only to a host of two dimensional
classical systems3, but also in a spectacular way in the
one dimensional quantum world13 with in particular the
remarkable case of spin-1 chains5. Such concepts have
allowed to understand important aspects of the physics
of materials such as the quantum hall effect6 and even
predict new classes of systems such as topological insu-
lators7. Identifying and understanding the topological
aspects of matter has thus become a major focus in con-
densed matter physics and quantum optics, where topo-
logical phases such as the Haldane model8 have been re-
markably realized9.
For classical and quantum critical phenomena, we have
by now a good understanding of the prototypical topo-
logical phase transition in which only a single topologi-
cal entity controls the transition. This was the case in
the original BKT work, where vortex-antivortex excita-
tions deconfine in a similar way than electrical charges
in the two dimensional Coulomb gas10. In the quan-
tum world, this situation is described by the celebrated
sine-Gordon model, which also plays a central role in
quantum field theory11. However, a richer and more dif-
ficult to understand class of topological transitions was
rapidly pointed out to also play a major role for several
systems12,13. This situation arises when two conjugate
fields, subjected to the Heisenberg uncertainty principle
and plunged into different potentials, compete with each
other. The phase diagram is thus controlled by the con-
finement/deconfinement of the corresponding dual topo-
logical exc itations. These situations are considerably
more difficult to analyse12,13 and need much more so-
phisticated field theory descriptions such as the so-called
dual-field double sine-Gordon model14,15. It is thus of
considerable interest to find good experimental realiza-
tions of such cases, with the possibility to tune the sys-
tem through the transition and in which the evolution of
the excitations can be scrutinized.
Here we show that the Ising-like spin chain compound
BaCo2V2O8 yields a good realization of such a topo-
logical transition when subjected to a magnetic field
transverse to the Ising axis (which points along the
chains). This compound is characterized by unique fea-
tures. First, it shows a strong Ising-like anisotropy. Next,
because of the crystallographic peculiarities, applying a
uniform field creates a staggered field perpendicular to
both the Ising-axis and the uniform field. This speci-
ficity allows dual topological excitations to be present.
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2Those are solitonic excitations associated with the two
angles needed to parametrize a spin and which in quan-
tum mechanics are conjugate variables. Using a combi-
nation of neutron scattering experiments, numerical cal-
culation of the microscopic description of the system,
and a field theory analysis based on the double sine-
Gordon model, we show that the transition observed
in BaCo2V2O8 at a certain critical value of the mag-
netic field corresponds to a quantum phase transit ion
between two phases dominated by dual topological exci-
tations (see Fig. 4): i) spinons along the chain direction
– fractionalized excitations carrying a spin 1/2 –; ii) their
dual excitations – carrying a spin 1 – along the axis of
the staggered magnetic field.
BaCo2V2O8, a model system
The cobalt oxide BaCo2V2O8 indeed offers the unique
opportunity to study this physics. This material exhibits
screw chains of Co2+ rotating around the 4-fold c−axis.
The magnetic moments of the Co2+, in a distorted octa-
hedral environment, are described as highly anisotropic
effective spins S = 1/2 (see Fig. 1a)16. In BaCo2V2O8,
the presence of a small coupling between the spin chains
additionally leads to a long-range ordering below the crit-
ical temperature TN = 5.5 K. The order consists in an
intra-chain AF arrangement of the magnetic moments
pointing along the Ising c−axis3,4,16.
Moreover, because of the original crystallographic
structure of BaCo2V2O8, the magnetization local easy-
axes of the Co2+ ions are actually tilted away from the
chain c−axis by ≈ 5◦ and rotate by 90◦ when mov-
ing along the 4-fold axis (see Fig. 1a). This leads to
a fully anisotropic g-tensor, which produces additional
effective fields perpendicular to an applied transverse
field12. These effective fields are different wether the ap-
plied field is along b (or equivalently a) or along a± b.
In all cases, effective fields are produced along c whereas
only in the former case a staggered field is induced along
a. Importantly, the critical field marking the end of
the Ne´el phase determined from macroscopic measure-
ments is µ0Hc ≈ 10 T for H ‖ b and µ0H ′c ≈ 40 T
for H ‖ a + b, the latter being much closer to the ex-
pected value corresponding to the magnetization satu
ration 8,12,20. For H ‖ b only a small ferromagnetic
component is induced at the critical field. As we will
confirm in this article, this indicates that the effective
staggered field induced along a opens an unconventional
intermediate phase above µ0Hc.
The adequate model to describe BaCo2V2O8 along
with this phenomenology is the following:
H = J
∑
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FIG. 1. BaCo2V2O8 at zero field. a, Structure of a single
Co2+ screw chain of BaCo2V2O8 (blue and red spheres are
Co and O respectively) with the zero-field magnetic arrange-
ment (blue arrows). The local anisotropy axis is plotted (red
dashed line) for the bottom CoO6 octahedron. Note that two
kinds of chain parallel to c are equally present in BaCo2V2O8,
rotating in opposite directions with respect to the c−axis.
b, Schematic sketch of the two-spinon excitations described as
domain walls in the pure Ising case. The transverse (T) (resp.
longitudinal (L)) modes correspond to linear superpositions
of states with odd (resp. even) N numbers of flipped spins
(in red) between two spinons (dashed purple lines), yielding
a total spin Sz = ±1 (resp. Sz = 0). In both cases, the
lowest energy excitation consists mostly in the state with the
minimal N value, with a smaller contribution for the higher
N states in the linear superposition. Neutron scattering can
detect onl y ∆S = 0,±1 type of excitations, hence pairs of
spinons, which individually carry a spin 1/2. c, Numerically
calculated magnetic excitations of BaCo2V2O8 in zero field,
which show the Zeeman ladders (details in the last section of
the article). The parameters of the calculations determined
from a comparison with the zero-field measured excitations7
are J = 5.8 meV,  = 0.53, and J ′ = 0.17 meV and were used
for all the subsequent calculations in a transverse field. The
color scale is in arbitrary units.
The first term is the XXZ Hamiltonian where Sn,µ is a
spin 1/2, µ and n are chain and site indexes, J > 0 is
the antiferromagnetic (AF) intra-chain interaction,  the
anisotropy parameter (0 <  < 1 in our case). The action
of a magnetic field yields the second term with µB the
Bohr magneton, g˜ the Lande´ tensor and H the external
magnetic field. The last term arises from the weak inter-
3chain coupling J ′. In the specific case of H ‖ b, the
case that we shall consider below, the total (external +
effective) magnetic field at site n writes:
g˜Hn = H
[
gyx(−1)n x + gyy y + gyz cos
(
pi
2n− 1
4
)
z
]
(2)
with x = a, y = b and z = c.
Spectroscopic studies in zero field showed7,22 that
BaCo2V2O8 does not host a classical Ne´el state at low
temperature, in the sense that it lacks conventional spin
wave excitations. Instead, the excitations consist of 2-
spinons bound states confined by the interchain coupling
(see Fig. 1c for the calculated spectrum), leading to se-
ries of long-lived gapped discretized modes (called Zee-
man ladders) strongly dispersing along the c−axis (and
only weakly along the a and b directions). As depicted
in Fig. 1b, these bound states exist in two different fla-
vors, depending on the parity of the number N of flipped
spins between two domain walls: the modes with N odd
(resp. even) carry a spin Sz = ±1 (resp. Sz = 0)24.
In BaCo2V2O8, the quasiparticles are described as lin-
ear combinations of those spinon pairs that we label
using the index j, in ascending order, as |j, Sz = ±1〉
and |j, Sz = 0〉. In neutron scattering experiments, the
|j, Sz = ±1〉 modes come as transverse (T) excitations
(spin fluctuations in the plane perpendicular to the di-
rection of the ordered magnetic moment, hence to the
c−axis in zero field), while the |j, Sz = 0〉 modes come
as longitudinal (L) ones (spin fluctuations parallel to the
ordered moment). Note that  allows the walls to flip
by two sites. As a result, the Sz = ±1 and Sz = 0
sectors, hence the T and L modes, are decoupled. This
original excitation spectrum occurs in BaCo2V2O8 due to
the sizable interchain interactions and to moderate Ising
anisotropy7. Finally, it is also observed in the related
compound SrCo2V2O8
25–27.
Static properties in a magnetic field
We now examine, for the static magnetic properties of
BaCo2V2O8, the effect of the effective fields, in partic-
ular of the staggered one along a, created by applying
a magnetic field along b. The results of the neutron
diffraction experiments provide insight into the ground
state evolution. Fig. 2a display sketches of the refined
magnetic structures measured at 0, 6 (below Hc) and
12 T (above Hc). With increasing H, the magnetic mo-
ments remain staggered but progressively rotate in the
(a, c) plane, from the Ising c−axis to the a−axis pre-
cisely at the transition (see supplementary information).
The field-evolution of the staggered components ma(H)
and mc(H) of the ordered magnetic moments along a
and c respectively are shown in Fig. 2b. The a compo-
nent increases at the expense of the c component that
eventually vanishes at the transition. This evolution of
the staggered moment orientation from the Ising c axis
to the a axis originates from an energetic compromise,
between on the one hand the intrachain exchange inter-
action, and on the other hand the Zeeman energy gain
due to the effective transverse fields28.
It is worth noting that, in principle, the effective field
along c also induces a magnetic component of 0.04 µB
at µ0H = 12 T, as deduced from the calculations. Its
value, however, is extremely small and has consequently
no relevant role in the phase transition.
Note that this transition is not a standard spin re-
orientation with a global rotation of the spins. Indeed,
the relative orientations of the magnetic moments be-
tween neighboring chains are different in the zero field
and in the high field structure, due to a different symme-
try of the interchain interactions and the staggered field,
respectively. As shown in Fig. 2a (see also supplemen-
tary information), to accommodate this competition, the
spins rotate clockwise for half of the chains, and anti-
clockwise for the other half, yielding a non-collinear in-
termediate magnetic structure. This subtle modification
points out the role of the staggered field, which forces
a magnetic structure that competes with the interchain
interactions.
The peculiar nature of the high field phase at µ0H =
12 T is further illustrated in Fig. 2c. It shows the mea-
sured temperature dependence of the staggered order pa-
rameter (ma) compared to the uniform component (M‖)
induced along b by the field. In contrast with the usual
abrupt drop of the order parameter expected for a tem-
perature becoming larger than the interactions between
magnetic moments above a critical field (see for instance
Fig. 6 of reference3), ma decreases smoothly up to high
temperature. ma is thus induced by the staggered mag-
netic field as M‖ is induced by the uniform magnetic field.
The intrachain interaction J is still effective in the high
field phase, and gives rise to well-defined excitations as
shown in Fig. 2d. Note that these modes disappear be-
tween 10 and 20 K, at a much lower temperature than the
staggered magnetization. These excitations are actually
quite unconventional as described in the following.
Magnetic excitations in a magnetic field
Figs 3a-i show the measured evolution of the lowest
modes (|1, Sz = 0,±1〉 and |2, Sz = 0,±1〉) of the Zee-
man ladder, as a function of the transverse field H ‖ b,
for several scattering vectors Q: the AF point (2, 0, 1)
and the two zone center (ZC) positions (0, 0, 2) and (3,
0, 1). By increasing H, the zero-field |1, Sz = ±1〉 mode
splits into two branches (see Figs 3a-c). Note that the
energy dependence of these two branches is not linear.
The upper branch exhibits an upward variation up to
µ0H = 12 T while the lower branch decreases down to
µ0H = 10 T = µ0Hc. At this field, this branch reaches
its minimum energy before increasing again, as seen e.g.
at the AF position Q = (2, 0, 1). The softening of the
lower branch at Hc thus marks the quantum phase tran-
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FIG. 2. Static properties in a transverse magnetic field. a, Magnetic structures of BaCo2V2O8 in a uniform field H ‖ b
shown in the (a,b) plane (top) and in the (a, c) plane (bottom) at 0, 6, and 12 T, obtained from neutron diffraction experiments
performed on the D23 diffractometer. The two kinds of chains are plotted in red and blue, respectively, and the Co atoms
are numbered in the zero-field panels, like in Ref.3. For a better visualization, the amplitude of the magnetic moments was
multiplied along the a and c axes by the values indicated below the figures. The staggered field hstag is represented with black
arrows, only in the panels corresponding to the 6 T magnetic structure for one chain. The end collinear magnetic structures have
different propagation vectors, k and k’ indicated above the figures, and thus have different interchain magnetic arrangements:
For H = 0, the bonds along a± b are AF aligned while they are ferromagnetically (FM) aligned for µ0H = 12 T (see dashed
purple line). Consequently, the contributions to the total energy of bonds along a and b cancel each other for H = 0, half
of them being frustrated, at variance with the non frustrated 12 T structure in which the bonds along a and b are both AF
aligned. The intermediate magnetic structure, at µ0H = 6 T, is described by both propagation vectors k and k’, and is thus
non collinear. b, Field dependence of the staggered magnetic moments of the two competing magnetic phases determined at
1.5 K from the square root of the intensity of the 2¯ 0 1 and 3 0 3 pure magnetic reflections for the low and high field phases
respectively (pink and blue circles). These experimental staggered moments mc and ma are compared to the ones calculated
by numerical simulations (red and blue crosses connected by solid lines). c, Temperature de pendence at µ0H = 12 T of the
AF (ma) and FM (M‖) components of the high field phase, obtained from the square root of the intensity of the 1 0 1 and 1 1 2
reflections, respectively. d, Temperature dependence of the lowest energy magnetic excitation at a zone center position and at
µ0H = 12 T, measured on the IN12 three-axis spectrometer. The solid lines are Gaussian fits.
sition, as already observed by Electron Spin Resonance
(ESR)29. Note that a small energy gap of about 0.2 meV
is still present (see Fig. e˚ffig3a). The width of these two
modes remains resolution-limited, indicating that they
still must be considered as long lived quasiparticles. The
energy of the |1, Sz = 0〉 mode is not constant with the
field but increases with increasing field up to about 3 T.
At this field, an anti-crossing with the lowest branch of
the upper |2, Sz = ±1〉 mode occurs (see dashed white
lines in Fig. 3a). As H increases above µ0H = 3 T, the
lowest of the two hybridized branches broadens while its
energy decreases, to finally disappear completely at the
critical field.
This field-dependence of the excitations is very differ-
ent from the case of an external longitudinal field (par-
allel to the Ising axis) for which the |j, Sz = ±1〉 and
|j, Sz = 0〉 excitations remain decoupled. In this case, the
field produces a Zeeman splitting of the transverse exci-
tations (linear field dependence) and has no effect on the
longitudinal ones whose energy remains constant. This is
indeed what is observed by ESR22 and inelastic neutron
scattering in BaCo2V2O8 (see supplementary informa-
tion). The transverse field, on the other hand, allows the
spinons to hop by one site and the Sz = ±1 and Sz = 0
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FIG. 3. Magnetic excitations in a transverse magnetic field. a-c, Experimental intensity color maps showing the field
dependence of the magnetic excitations in BaCo2V2O8 for a transverse field. Three positions were investigated: AF Q = (2, 0, 1)
and two ZC Q = (0, 0, 2) and Q = (3, 0, 1). The polarization (T or L) at zero field of the modes is indicated on the maps. Note
that the color scale was truncated to about 10 to 15 times less than the maximum number of counts at high field for Q = (2, 0, 1)
and (3, 0, 1), for the weak modes to be visible. This gives the false impression that the lowest branch broadens as the field
increases. The SF and NSF nature of the modes determined on IN12 using polarized neutrons is indicated. These three maps
were obtained from energy scans performed on the ThALES triple-axis spectrometer at T = 1.5 K and every 1 T in the Ne´el
phase (0 ≤ µ0H ≤ µ0Hc ' 10 T) and in the quantum phase above Hc (critical fi eld at the red dashed line). d-i, For each of
these three scattering vectors, examples of such scans at µ0H = 3 T and µ0H = 12 T are shown above the corresponding map
(blue points correspond to experimental data and red lines to fit by Gaussian functions). j-l, Theoretical intensity color maps
to be compared to the experimental ones, obtained from iTEBD calculations of the S(Q, ω) neutron scattering functions (see
text). Here also, the color scale was truncated and both the critical field and the polarization (T or L) of the modes in zero-field
are pointed out. In addition, the polarization (labeled Saa, Sbb, and Scc for the a, b, and c directions, respectively) of the split
branches arising from the 1T mode is indicated at µ0H > 0: The polarization of the lowest branch evolves progressively from
the a to the c direction and is thus always perpendicular to the ordered moment (see Fig. 2a), hence transverse i n the whole
field range; the polarization of the higher branch is along b (the field direction) in the whole field range, hence also transverse.
The pink dashed lines in panel j correspond to the field dependence these two branches would display in the absence of the
staggered field along a.
sectors are no more independent. As a result, the field
creates a quantum overlap between the |j, Sz = ±1〉 and
|j, Sz = 0〉 excitations (see Fig. 1b). This hybridization
process produces non-linearities to second order in H. In
the present case, there are two kinds of transverse fields,
the uniform one along b and the staggered one a long a.
The influence of the latter is the strongest one as shown
in Fig.3j since it produces the rapid decrease of the lower
6branch towards the critical field compared to almost no
field dependence in its absence.
A signature of the influence of the staggered field along
a is also visible in the field dependence of the intensity of
the modes. The lowest energy mode displays a drastically
different spectral weight evolution for the equivalent ZC
(0, 0, 2) and (3, 0, 1) positions (see Figs 3b,c). The lat-
ter gets more intense as the critical field is approached,
while the former progressively vanishes. To understand
this behavior, we performed inelastic neutron scattering
measurements using polarized neutrons and polarization
analysis in a vertical magnetic field parallel to the b
axis on the IN12 triple-axis spectrometer. In this set-
up, the non-spin-flip (NSF) and spin-flip (SF) scattering
processes give information respectively about the spin
fluctuations parallel to the field direction b, and perpen-
dicular to it (without discriminating between the a and
c directions). The lowest branch of the split |1, Sz = ±1〉
modes is found to be SF, hence polarized within the (a, c)
plane, while the upper branch is NSF, hence polarized
along b (see supplementary information). Note that a
geometrical factor enters the neutron cross section, re-
flecting the fact that only spin components perpendicu-
lar to the scattering vector Q contribute to the intensity.
The decrease [resp. increase] of the spectral weight of
the lowest energy mode for the (0, 0, 2) [resp. (3, 0, 1)]
ZC can be explained by the change of polarization of the
excitation, from parallel to a at low field to parallel to c
at the critical field and above. This result can be under-
stood by the rotation of the ordered moment from c to
a, as established by the diffraction results, the lowest ex-
citation branch thus conserving its transverse character
in the whole field range.
Topological nature of the transition and of the
low energy excitations
To determine the nature of the transition experimen-
tally identified above, we performed numerical simula-
tions of the XXZ model in presence of an external
magnetic field (see Eq. (S4)). The effects of the inter-
chain interactions were taken into account by a mean
field theory, in which an effective staggered field induced
by the Ne´el order of the neighboring chains is deter-
mined self-consistently. We used an infinite time-evolving
block decimation (iTEBD)10 with the infinite boundary
condition11 (see the supplementary information for de-
tails). Using the parameters J = 5.8 meV,  = 0.53
and J ′ = 0.17 meV, close to those reported in the liter-
ature7,12, the results show excellent agreement with the
experimental data and thus validate the model. In zero
magnetic field (Fig. 1c), as discussed above, we repro-
duce the Zeeman ladders corresponding to the bound
spinons7. With the magnetic field, the results are shown
in Fig. 2b for the order parameter and in Figs 3j-l for the
excitation spectrum. In these calculations, we used the
ratios gyx/gyy ≈ 0.40 and gyz/gyy ≈ 0.14 determined by
Kimura et al.12, along with gyy ≈ 2.35, a value slightly
different from the value of 2.75 determined in Ref.12, in
order to agree with the measured critical field. The nu-
merics describe extremely well the field dependence of
the (staggered) magnetization along the chains. For the
component perpendicular to the chains, the overall trend
of the data is correctly given by the numerics but a global
scaling factor seems to exist with the experimental data.
The reason for this discrepancy could be due to factors
such as: i) effect of temperature; ii) bigger sen sitivity
of this quantity on small uncertainties in the parameters,
iii) treatment of the interchain interaction in the mean
field theory. On the other hand, the results for the exci-
tation spectrum (Figs 3j-l) show a very good agreement
with the data (Figs 3a-c) accounting for the main modes
observed experimentally. The numerics further validate
the polarization of the modes and in particular the trans-
verse nature of the lowest energy one. The rapid energy
lowering of the lowest |1, Sz = ±1〉 branch when the field
is applied along b is confirmed numerically to be a con-
sequence of the additional effective staggered field along
a due to non diagonal components of the g-tensor8,12.
The validation of the model of Eq. (S4) from the
numerics allows us to use field theory to describe the
transition qualitatively, thereby determining its nature
in a more transparent way. Using the bosonization
technique13, we obtain a dual-field double sine-Gordon
model describing BaCo2V2O8 in an external field along
b:
Heff = v
2pi
∫
dz
[ 1
K
(dφ(z)
dz
)2
+K
(dθ(z)
dz
)2]
− 2λ
(2piα)2
∫
dz cos 4φ(z)− gyxµBH√
2piα
∫
dz cos θ(z), (3)
(see supplementary information) where v is the spinon
velocity, K the Luttinger parameter, λ a contant having
a dimension of energy and α a dimensionless constant13.
These parameters (v,K, λ, α) are a function of  and H,
but there is no analytical representation. The effect of the
Zeeman coupling with the uniform field along the b axis
is renormalized into these parameters32. Since the Zee-
man term of the four-site periodic field along the c-axis is
irrelevant, it does not appear in Eq. (3). The effect of this
field is actually negligibly small. φ(z) and θ(z) are dual
bosonic fields that can be qualitatively identified with
the polar and azimuthal angles of a staggered magneti-
zation vector (see Fig. 4a). In Eq. (3) the potential terms
cos 4φ(z) and cos θ(z) compete with each other and pin
the fields φ(z) (resp. θ(z)) for the low (resp. high) field
phase. The expectation values 〈cos 2φ(z)〉 and 〈cos θ(z)〉
correspond to the staggered magnetization along the c
and a axes, respectively.
Excitations in a given phase correspond to the soli-
ton of a pinned field (tunneling from one mininum of the
cosine to the next), and carry a topological index (see
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FIG. 4. Two dual topological objects. a, A qualitative
interpretation of the two fields φ(z) and θ(z) entering in the
field theory description. The quantum nature of a spin 1/2
makes it impossible to determine both angles with an infi-
nite accuracy, hence the fact that the two angles play a role
similar to canonically conjugate variables. b, Topological ex-
citations in the low field phase. These excitations correspond
to solitons in the field 4φ(z) linking one of the minima of
the cos 4φ(z) to the next. Using the bosonization represen-
tation of the spin (see supplementary information), they can
be identified with the spinon excitations (see also Fig. 1b).
They carry a spin Sz = ±1/2 corresponding to the topolog-
ical index of the excitation. c, In the high field phase, the
elementary excitations now correspond to the solitons of the
cos θ(z), and are thus dual of the low field phase excitations.
They carry an index of Sx = ±1.
Fig. 4). In the low-field phase, 4φ(z) is fixed to 2ppi (p
is an integer). Thus, a low-energy excitation corresponds
to the creation of a soliton-antisoliton pair in which φ(z)
changes from 0 to 2pi/4 (for the soliton) and from 2pi/4
back to 0 (for the antisoliton) (see Fig. 4b). The soli-
ton and antisoliton are domain walls of the Ne´el order,
with spins reversed with respect to the ground state be-
tween them. The solitons themselves can be identified
with the spinons (see Fig. 1b). The soliton-antisoliton
would be deconfined in a single chain while confined in
BaCo2V2O8 due to the linear potential produced by in-
terchain interaction. In the high-field phase the cos θ(z)
term dominates over cos 4φ(z) and fixes the θ(z) field.
The corresponding soliton carries a spin Sx = 1 (instead
of 1/2) since θ(z) changes from 0 to 2pi (instead of 0 to pi
for the field 2φ) (see Fig. 4c). Note that important dif-
ferences between the low and the high field phases exist.
In the low field phase, the Hamiltonian contains cos(4φ)
while a physical observable such as the staggered part
of Sz depends on cos(2φ). Thus the two parts of the
soliton 2φ = 0 and 2φ = pi can be distinguished by lo-
cal measurements of Sz, such as the string of overturned
spins separating the two objects. However, in the high
field phase, both the Hamiltonian and the physical ob-
servable Sx depend on cos θ, making both sides of the
solution identical far from the soliton. In terms of a local
measurement of Sx, the corresponding excitations would
thus be local and would not carry a topological index.
There is however a true topological order present since
θ orders. It could be detected thr ough a quantity such
as 〈eiθ(z)/2〉, but would require nonlocal measurements
as recently performed in cold atom systems33,34. How to
conduct such measurements for quantum spin systems in
solid state is a challenging question.
The analysis of the properties of the modes in the ex-
perimental data and the agreement with numerics con-
firm that the quantum transition of the dual field dou-
ble sine-Gordon model is indeed what is observed in
BaCo2V2O8, providing an explanation of the rather mys-
terious field-induced transition and enlightening its topo-
logical nature. From a theoretical point of view, the
study of the transition itself is a challenging problem.
The nature of the transition depends on the precise pe-
riodicity of the cosines3. For the purely 1D Hamiltonian
(3) special solvable points suggest an Ising transition35,
as also confirmed by a numerical calculation of the cen-
tral charge. A complete study, in particular taking into
account the effective 3D coupling beyond mean-field is
still lacking. BaCo2V2O8 thus provides a remarkable ex-
perimental system in which this transition can be tuned
and studied in a controlled way.
More generally, quantum spin systems have been a
steady reservoir of experimental realizations of topolog-
ical phases and transitions, with in particular several
realizations of the sine-Gordon model, or of exotic phases
such as Tomonaga-Luttinger liquids. Our analysis of
the transition in a uniform transverse magnetic field in
BaCo2V2O8 shows that they are also able to provide
excellent and controlled realizations of more complex
and yet challenging models from a theoretical point
of view, confirming – in addition to the own intrinsic
interest of quantum magnets – their place as quantum
simulators of quantum correlated systems.
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Methods
Sample preparation & experimental set up
A BaCo2V2O8 single-crystal was grown at Institut
Ne´el by the floating zone method.36 A 5 cm long cylin-
drical crystal rod, of about 4 mm diameter, was obtained
by imposing the growth axis to be along the b crystal-
lographic axis. One crystal piece of 10 mm long was cut
from the rod for the diffraction experiment, while two
crystal pieces of about 18 mm long were cut for the in-
elastic neutron scattering (INS) experiments.
The diffraction experiment was performed on CEA-
CRG D23 single-crystal two-axis diffractometer with a
lifting arm detector at Institut Laue Langevin (ILL). The
sample, previously aligned with the b axis vertical on the
Laue diffractometer OrientExpress at ILL, was installed
on D23 in the CEA 12 T vertical field cryomagnet. A
maximum transverse magnetic field of 12 T (H ‖ b and
thus H ⊥ c Ising axis) could be reached with a base tem-
perature of 1.5 K. An incident wavelength of 1.28 A˚ was
used, from a copper monochromator, thus allowing to
measure h 0 l and h 1 l Bragg peaks with a maximum
value of 17 for h and 11 for l.
The INS experiments under a transverse magnetic field
were performed on two cold-neutron triple-axis spec-
trometers, ThALES and FZJ-CRG IN12 at ILL. On
ThALES,37 a PG(002) monochromator (resp. analyzer)
was used to select (resp. analyze) the initial (resp. final)
wave vector of the unpolarized neutron beam. On IN12,
we used polarized neutrons, from a cavity transmission
polarizer located far upstream in the guide, with an ini-
tial wave vector selected by a PG(002) monochromator,
and polarization analysis, from a heusler analyzer (see
Ref.38 for a more detailed description of the standard po-
larized neutron setup on IN12). On both spectrometers,
the energy resolution was of the order of 0.15 meV and
the higher order contamination was suppressed by a ve-
locity selector. The same cryomagnet as on D23 was used
on both instruments, thus providing a maximum trans-
verse field of 12 T at a base temperature of 1.5 K. Due
to the high applied vertical magnetic field (up to 12 T),
the ver tical current of the Mezei spin flipper, placed just
before the monochromator on IN12, was calibrated for
every used value of the incident wave vector and of the
magnetic field. The horizontal current was checked to
be non sensitive to the applied field. The flipping ratios
were ranging between 12 and 23, depending on the inci-
dent wave vector and magnetic field values. One of the
two 200 mm3 crystal pieces was used in both experiments
and previously aligned with the b axis vertical on the
triple-axis spectrometer IN3 at ILL, yielding a (a?, c?)
horizontal scattering plane. Once the sample glued, the
alignment was checked to be better than 1◦ on the neu-
tron Laue diffractometer OrientExpress at ILL. All the
INS data presented here were measured at a fixed final
wave vector of 1.3 A˚−1.
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1Supplemental Information:
Topological quantum phase transition
in the Ising-like antiferromagnetic spin chain BaCo2V2O8
SINGLE-CRYSTAL NEUTRON DIFFRACTION UNDER A TRANSVERSE MAGNETIC FIELD
We report hereafter the details about the nuclear and magnetic structures refinement, based on the neutron
diffraction measurements performed on the lifting-arm diffractometer CEA-CRG D23 at ILL, both in zero-field and
under a transverse magnetic field applied along the b axis of the BaCo2V2O8 single crystal up to 12 T. All data
presented here were collected during the same experiment, and thus using exactly the same set-up (described in the
method section of the main paper).
BaCo2V2O8 crystallizes in the body-centered tetragonal I41/acd space group with the following lattice parameters:
a = b = 12.444 A˚ and c = 8.415 A˚S1.
At µ0H = 0, 288 nuclear reflections, allowed in the I41/acd space group, reducing to 149 independent ones, were
collected at T = 1.5 K by performing rocking curves. The nuclear structure was then refined using the Fullprof
softwareS2 in order to determine the necessary information for the magnetic structure refinement (i.e. the scale factor,
the x coordinate and Debye-Waller factor of Co, the extinction parameters, and the λ/2 ratio). The calculated inten-
sities Icalc plotted in Fig. S1a as a function of the observed ones Iobs emphasize the quality of the fit. 103 magnetic
reflections, associated to the k = (1, 0, 0) propagation vector and reducing to 48 independent ones, were then collected.
Let us remind that they correspond to reflections h k l with h+k+ l = 2n+1, that is, to Bragg positions for which the
nuclear intensity is always null because of the body-centering of the crystallographic structure. The same magnetic
structure as in Can ’evet et al.S3 was found, with a staggered moment mc = 2.184(8) µB/Co
2+ (see Fig. S1b for the
plot of Icalc vs Iobs). Note that k = (1, 0, 0) implies an AF coupling in the diagonal a± b direction, that is between
two chains of the same nature (both described by a 41 screw axis, plotted in red in Fig. 2a of the main paper, or by a
43 screw axis, plotted in blue). Consequently, the magnetic structure presents an AF coupling along a and a FM one
along b in the first domain (see top left panel of Fig. 2a in the main paper), while it is the reverse in the second domain.
The same nuclear reflections were then collected at µ0H = 12 T > µ0Hc, yielding the same crystallographic
structure as in zero-field, to within the error bars, with comparable R−agreement factors. 48 magnetic reflections,
with k′ = (0, 0, 0), were then collected, reducing to 30 independent ones. This set of measured reflections (allowed
by the lattice type) corresponds to those forbidden either by a screw axis or a glide plane of the I41/acd space
group. Nevertheless, some of them were not strictly null at zero-field because of the presence of a sizable λ/2 and/or
mostly because of small defects in the crystal. As a result, they had to be collected in both phases and the difference
between the µ0H = 12 T collect and the µ0H = 0 one was then used for the magnetic refinement. For this reason
and because of the small magnetic signal, a counting rate of 30 seconds per point was used. The magnetic structure
refinement was then performed, yielding a staggered magnetic moment ma = 0.91(2) µB/Co
2+ (see Figs S1e,f for
the Icalc vs Iobs plots of the nuclear and magnetic refinements at 12 T). The propagation vector of the high field
magnetic structure k′ = (0, 0, 0) implies a FM coupling in the diagonal a± b direction (see top right panel of Fig. 2a
in the main paper). Consequently, an AF coupling both along a and along b now occurs, thus lifting the frustration
and yielding a single magnetic domain.
The µ0H = 6 T = 0.6µ0Hc magnetic structure consists in a superposition of the k = (1, 0, 0) and k
′ = (0, 0, 0)
phases, as shown by the field dependences plotted in Fig. 2b of the main paper. The same magnetic reflections as
for µ0H = 0 and µ0H = 12 T were collected, with respective counting rates of 6 and 30 seconds. Here again, the
difference with the zero-field phase was used for the second set of reflections. The results of the magnetic refinement
is shown for both contributions (see Figs S1c,d). The following values of the staggered components were found:
mc = 1.916(7) µB/Co
2+ for the zero-field contribution and ma = 0.44(2) µB/Co
2+ for the high field one. The very
small value of the latter component, in addition to the data treatment that had to be applied (difference with the
zero-field data) explains the poorness of the fit. The non collinearity of the 6 T structure comes from the fact that it
is a double k magnetic structure. It can be simply understood by comparing the exchange couplings along a and b
in the zero field structure (one is AF the other one is FM) to those in the high field phase (both are AF): As a result,
half of the spins rotate clockwise and the other half anti-clockwise (see middle panels of Fig. 2a in the main paper).
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FIG. S1. Single-crystal diffraction data at 1.5 K, presented as calculated versus observed reflections intensities: (a) Nuclear
structure refinement in zero field. (b) Magnetic structure refinement in zero field with the moments oriented along c [k =
(1, 0, 0)]. (c) and (d) Magnetic structure refinement at 6 T for the component of the moments along a [k′ = (0, 0, 0)] and along
c [k = (1, 0, 0)], respectively. (e) Nuclear structure refinement at 12 T. (f) Magnetic structure refinement at 12 T with the
magnetic moments oriented along a [k′ = (0, 0, 0)]. The agreement factors are reported on the figures.
NEUTRON GEOMETRICAL FACTOR AND LONGITUDINAL POLARIZATION ANALYSIS
As is well known, neutron scattering experiments probe the correlations between spin components perpendicular to
the scattering vector Q, denoted hereafter S⊥Q. As a result, the neutron scattering differential cross section reads:
d2σ
dΩdE
∝ 〈S⊥Q · S⊥Q〉 (S1)
where 〈...〉 is the thermal average.
A convenient way to analyze the data is to consider longitudinal (L) and transverse (T) fluctuations with respect
to the direction of the ordered moment m for a given field H. Since the direction of m (in addition to its amplitude)
changes with the field, a rotating frame (ˆ`, bˆ, tˆ) is then introduced (see Fig. S2a). ˆ` is the (rotating) quantization
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FIG. S2. (a) Rotating local frame (ˆ`, bˆ, tˆ). The ˆ` (resp. tˆ) unitary vector is parallel (resp. perpendicular) to the ordered
magnetic moment. The directions of the scattering vector Q and of ˆ`with respect to a? are identified by the ϕ and ψ angles,
respectively. (b) Location in the reciprocal lattice of the AF and ZC positions investigated. (c, d) Spectral weight of the lowest
energy branch as a function of the transverse field for Q = (0, 0, 2) and Q = (3, 0, 1) ZC positions respectively, as measured
(orange points), and calculated for longitudinal (green circles) and transverse (red circles) fluctuations. This clearly evidences
the transverse nature of this excitation mode.
axis, tˆ and bˆ are two orthogonal vectors such that tˆ = ˆ`× bˆ. The vectors are defined as:
ˆ`=
m
m
= cosψ
a∗
a∗
+ sinψ
c∗
c∗
tˆ = − sinψ a
∗
a∗
+ cosψ
c∗
c∗
bˆ =
b∗
b∗
where ψ is the (a∗,m) angle. Using this frame, the differential cross section reads:
d2σ
dΩdE
∝
∑
x,y=t,b,`
〈
Sx
(
δxy − QxQy
Q2
)
Sy
〉
(S2)
For a Q vector making an angle ϕ with a∗ in the (a∗, c∗) scattering plane, we have Qt = Q sin (ϕ− ψ), Qb = 0, Q` =
Q cos (ϕ− ψ), hence:
d2σ
dΩdE
∝ [1− sin2 (ϕ− ψ)] 〈StSt〉+ 〈SbSb〉+ [1− cos2 (ϕ− ψ)] 〈S`S`〉 − 2 cos (ϕ− ψ) sin (ϕ− ψ)〈StS`〉
∝ cos2 (ϕ− ψ)〈StSt〉+ 〈SbSb〉+ sin2 (ϕ− ψ)〈S`S`〉 − 2 cos (ϕ− ψ) sin (ϕ− ψ)〈StS`〉 (S3)
The neutron cross section for longitudinal and transverse fluctuations acquires a “geometrical factor” sin2(ϕ − ψ)
and cos2(ϕ − ψ) respectively. Note that the cross term 〈StS`〉 is usually small and is thus neglected. A stringent
comparison between the measured field dependence of the spectral weight for Q = (0, 0, 2) and (3, 0, 1) (see Figs 3b,c
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FIG. S3. Energy scans measured in BaCo2V2O8 at T = 1.5 K on IN12 using polarized neutrons (open and closed symbols)
fitted to Gaussian functions (solid lines), for (a-c) Q = (0, 0, 2) and (d-f) Q = (3, 0, 1), in the non spin-flip (NSF) and spin-flip
(SF) channels. These data were obtained for three different values of an applied transverse magnetic field H ‖ b: µ0H = 1.5 T
(lower panels), µ0H = 6 T (central panels), µ0H = 9 T (upper panels). The dashed lines help to visualize the evolution of the
three modes with the magnetic field, and in particular the variation in the intensity of the lowest mode decreasing with the
field for Q = (0, 0, 2) and increasing for Q = (3, 0, 1). Note that an enlarged vertical scale (neutron counts) was used for
panels (d) and (e), as compared to the four other panels.
of the main article) and the simulation using the above geometrical factors along with the diffraction data is shown
in Figs S2c,d. While the magnetic moments rotate from the c−axis (ψ = pi/2) to the a−axis (ψ = 0), the low
energy branch originating from the split |1, Sz = ±1〉 modes indeed follows the transverse geometrical factor with in
particular ϕ = pi/2 for Q = (0, 0, 2) and ϕ ≈ 26.3◦ for Q = (3, 0, 1).
A spin polarized beam (as available on the triple-axis FZJ-CRG IN12 cold neutron spectrometer at ILL) provides
additional information. In the present set-up (see Methods in the main paper for more details), the neutron beam is
polarized by a cavity transmission polarizer with an initial wavevector selected by a PG(002) monochromator. The
vertical magnetic field at the sample position then drives the spin of the incident neutrons parallel to the b−axis. The
scattered intensity is then analyzed (using a heusler analyzer), to separate the spin-flip (SF) and non-spin-flip (NSF)
contributions, corresponding respectively to processes where the neutron spin has flipped or not (see Fig. S3). It turns
out that the NSF scattering cross section probes the correlations between spin fluctuations perpendicular to Q and
parallel to the incident neutrons polarization direction (b in the present case), while the SF contribution probes the
correlations between spin fluctuations perpendicular to bo th Q and the polarization direction. As a result, owing
to the above framework, the NSF intensity will be directly proportional to 〈SbSb〉 while the SF intensity will probe
cos2 (ϕ− ψ)〈StSt〉 + sin2 (ϕ− ψ)〈S`S`〉. We conclude that at these positions, the upper branch of the |1, Sz = ±1〉
Zeeman ladder mode is polarized along the bˆ−axis while the lower one is polarized along the tˆ−axis.
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FIG. S4. (a) Example of Q−constant energy scans performed on TASP in the Ne´el phase at T = 150 mK on the ZC position
Q = (3, 0, 1) for a longitudinal field µ0H = 2 T (circles). The six observed modes were fitted to Gaussian functions (orange
solid lines) on top of a constant background (blue dashed line), yielding the thick blue solid line for the total fit, in order
to extract the energies of the various modes. Such scans were performed at various magnetic field values in the complete
Ne´el phase (0 ≤ µ0H ≤ 3.8 T). (b) Resulting longitudinal field dependence of the energy positions of the excitations at
Q = (3, 0, 1) (closed and open symbols for the L and T modes respectively). The field behavior of these modes is modeled by
ET,Lj± = E
T,L
j0 +gzzS
T,L
z µBH (j = 1, 2, ...) with gzz = 6.07, S
L
z = 0 (filled symbols), and S
T
z = ±1 (solid lines). The critical field
is indicated by the dashed purple vertical line. (c) The calculations reproduce v ery well the experimental field dependence of
the excitations.
An inelastic neutron scattering experiment was performed on the cold-neutron triple-axis spectrometer TASP at
Paul-Scherrer Institute (PSI) aiming at measuring the magnetic excitations of BaCo2V2O8 in a longitudinal magnetic
field H
‖
c (applied along the Ising c−axis). Two crystal pieces were used: prior to the experiment, they were first
individually aligned with the b axis vertical using X-ray Laue diffraction at Institut Ne´el, then co-aligned to within a
rotation angle of 0.2◦ around the vertical direction, by using the hard X-ray Laue diffractometer of the neutron optics
group at ILL. A 7 T horizontal field cryomagnet was installed on TASP, equipped with a dilution insert, allowing
to reach a maximum field of 4.2 T only (due to strong forces exerted by the stray fields onto the sample table, still
magnetic at that time) and a base temperature of 150 mK. The magnetic field was applied along the c? axis of the
(a?, c?) scattering plane, thus corresponding to a longitudinal field. The data were measured at a fixed final wave
vector of 1.2 A˚−1 using graphite PG(002) monochromator and analyzer. An energy resolution of 0.075 meV was then
achieved. A beryllium filter was installed after the sample to remove high order contaminations. No other ZC nor
AF positions than the Q = (3, 0, 1) one were accessible in this set-up over a sufficiently large energy-range due to
the four pillars building the horizontal cryomagnet (only four sectors of about 45◦ are accessible for the incident and
6diffracted beams).
The results presented here (see Figs S4a,b) were obtained at 150 mK up to the critical field H
‖
c at which the Ne´el
phase transforms into an incommensurate longitudinal Spin Density Wave (SDW) ordered phase, describable in terms
of a Tomonaga-Luttinger liquidS3–S6. At H = 0, discretized modes, corresponding to Zeeman ladders with transverse
and longitudinal character, can be observed at the zone center (ZC) position Q = (3, 0, 1) as in our previous studyS7.
Up to a critical field µ0H
‖
c ' 3.8 T at 150 mK, the |j, Sz = 0〉 modes remain at the same energy position, whereas
the |j, Sz = ±1〉 modes get linearly split (see Fig. S4b). This field-dependence is due to the fact that the longitudinal
magnetic field keeps independent the Sz = 0 and Sz = ±1 sectors and thus does not mix the corresponding modes.
The zero field transverse excitations simply experience a Zeeman splitti ng. The value of gzz determined from the
fit of the linear field-dependency of the transverse modes is 6.07, in good agreement with the value of 6.2 derived
from magnetization measurementsS8. This observation confirms our previous identification of the longitudinal and
transverse modes in zero fieldS7 and is well reproduced by the numerical calculations (see Fig. S4c) described in the
main text and in the following sections. The transition to the incommensurate longitudinal phase occurs at H
‖
c when
the lowest energy transverse mode condenses (note that it is not strictly zero yet).
DESCRIPTION OF THE EXCITATIONS UNDER A TRANSVERSE MAGNETIC FIELD
To understand the evolution of the excitations throughout the transition occurring under a transverse field applied
along the b−axis, it is instructive to rewrite the Hamiltonian given by:
H = J
∑
n,µ
[
(
Sxn,µS
x
n+1,µ + S
y
n,µS
y
n+1,µ
)
+ Szn,µS
z
n+1,µ]
−
∑
n,µ
g˜µBH · Sn,µ + J ′
∑
n
∑
µ,ν(µ6=ν)
Szn,µS
z
n,ν (S4)
in the rotating frame (ˆ`, bˆ, tˆ) shown in Fig. S2a. New operators (σ`, σb, σt) are introduced, along with σt = (σ+ +
σ−)/2, σb = (σ+ − σ−)/2i, the quantization axis ˆ` pointing along the ordered magnetic moment. This yields, for the
intrachain part of the Hamiltonian (XXZ and Zeeman terms of Eq. S4):
H =
∑
n
K±(σ+n σ
−
n+1 + σ
−
n σ
+
n+1)
+ K±±(σ+n σ
+
n+1 + σ
−
n σ
−
n+1)
+ K`±(σ`nσ
+
n+1 + σ
`
nσ
−
n+1) +K
``σ`nσ
`
n+1
− µBHh`σ`n − µBH(h+σ+n + h−σ−n ) (S5)
with
K`` = J( cos2 ψ + sin2 ψ)
h` = (−1)ngxy cosψ + gxz cos
(
pi
2n− 1
4
)
sinψ
K`± = J(1− ) sinψ cosψ
h± =
[
−gxy(−1)n sinψ + gxz cos
(
pi
2n− 1
4
)
cosψ
]
/2± igxx/2
K± = J
(1 + sin2 ψ) + cos2 ψ
4
K±± = J
(
1− 
4
)
cos2 ψ
While complicated at first glance, this form of the Hamiltonian proves meaningful to understand, from a physical
point of view, how the spinon bound states |j, S`〉 evolve upon the field. For instance, K`` renormalizes the energies
of the spinons from J to J . K± allows each kink forming the bound state to hop (independently) by two sites. This
7term does not mix the S` = 0,±1 sectors and plays the role of kinetic energy. It evolves from J/2 in zero field up
to (1 + )/4 J above Hc. The staggered field contribution developing with the external field, that enters h
` (but also
h±), behaves as a confinement potential, in a similar way as the inter-chain interaction J ′ does in zero field. The
remaining terms are more complicated: K`± and h± move the spinons by one site and entangle the S` = ±1 with the
S` = 0 sectors. This coupling is responsible for the mixing of the |1, S` = 0〉 an d |2, S` = ±1〉 states described in the
main article.
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FIG. S5. Creation of multi-spinon states in the high field phase: cartoons explaining the effect of the σ±n σ
±
n+1 operator on the
L and T excitations having the two smallest numbers N of flipped spins, with the quantization axis ˆ`along the staggered field
direction (a-axis).
The most peculiar term (absent in the isotropic Heisenberg case) is K±±. It induces two spin-flips, changing S` by
±2, and thus increases the number of spinons. Indeed, as shown in Fig. S5, when acting on the |j, S` = 0,±1〉 states,
this term essentially gives rise to 4 spinons states. This is likely the origin of the growing ”incoherent” scattering
that can be observed in Figs 3 and 4 of the main article. The cartoon shown in Fig. S5 shows further that K±± also
couples the two |1, S` = ±1〉 states with each other, resulting in new eigenstates constructed as:
1√
2
(|1, S` = +1〉+ |1, S` = −1〉)
for the lower branch, and
1√
2
(|1, S` = +1〉+ i|1, S` = −1〉)
for the higher one. Finally, K±± moves the two spinons by one site. Physically, this means that the new states get
an extra kinetic energy provided the two spinons hop simultaneously. Although the physical mechanism is different,
this quasiparticles become analogous to the kinetic bound state observed in the Ising-like FM compound CoNb2O6
S9.
8NUMERICAL SIMULATIONS
In this section, we explain the method of numerical simulations for BaCo2V2O8. This material consists of the
stacking of Co chains, and each Co chain can be considered as a spin-1/2 Heisenberg model with Ising (easy-axis)
anisotropy. The ground state of this Hamiltonian is a Ne´el ordered state. Here we take the contribution of interchain
interaction J ′ by a mean field approximation, which gives rise to an effective staggered magnetic field heff in the
Hamiltonian (at H = 0):
H = J
∑
n
[(SxnS
x
n+1 + S
y
nS
y
n+1) + S
z
nS
z
n+1]− gzzµBheff
∑
n
(−1)nSzn. (S6)
The parameters J,  and heff are determined in the way that the cross section for the scattering vector Q = (0, 0, 2) (in
the unit of (2pi/a, 2pi/b, 2pi/c), where a, b, c are the lattice constants in the direction of the a,b, c axes) is reproduced.
The differential neutron scattering cross section is represented as
d2σ
dΩdE
∝ |q
′|
|q|
∑
α,β=x,y,z
(
δαβ − QαQβ|Q|2
)
|F (Q)|2
∫
dt
∑
r
ei(ωt−Q·r)〈Sα(r, t)Sβ(0, 0)〉, (S7)
where F (Q) is the magnetic form factor and q,q′ are the initial and final wave vectors, respectively (Q = q−q′). We
calculate space-time correlation functions 〈Sα(r, t)Sβ(0, 0)〉 using infinite time-evolving block decimation (iTEBD)S10
with the infinite boundary conditionS11. In the calculations, the time is taken to be 0 ≤ t ≤ 80J−1 with the
discretization dt = 0.05J−1. The truncation dimension (i.e., dimension of matrix product states) is χ = 60. For
the Fourier transform in Eq. (S7), the summation is taken over the actual positions r of Co atoms. The scattering
cross section (i.e., intensity of scattered neutrons) for Q = (0, 0, 2) at zero magnetic field calculated by iTEBD
with the parameters J = 5.8 meV,  = 0.53, and gzzµBh
eff = 0.061 meV (gzz is the Lande´’s g factor, and µB =
5.788 times10−5 eV/T is the Bohr magneton) is shown in Fig. S6. It reproduces very well the experimental resultS7.
The effective staggered field gzzµBh
eff originates from the interchain interaction. Using a mean field theory, we obtain
gzzµBh
eff = J ′|〈Szj 〉|, where J ′ = 0.17 meV and |〈Szj 〉| = 0.366. The colormap of scattering intensity for Q = (2, 0, l)
(2 ≤ l ≤ 3) is also shown in the main article (Fig. 1c), which also agrees rather well with experiment (see Fig. 1 of
referenceS7) except for the anticrossing observed around 4-5 meV at Q = (2, 0, 2.5).
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FIG. S6. (a) Intensity of scattered neutrons for Q = (0, 0, 2) at zero magnetic field calculated by iTEBD. The parameters are
J = 5.8 meV,  = 0.53, and gzzµBh
eff = 0.061 meV. (b) Experimental results taken from Ref.S7 for comparison (solid symbols).
The red line is a fit to the data explained in the corresponding article.
When the uniform transverse field H is applied, the system is subjected to effective fields in the x and z directions
since the magnetic principal axes are inclined with respect to the crystal axes (see Fig. 1a in the main paper), which
gives non-diagonal components to the g-tensor. With the external field parallel to the b−axis, the Hamiltonian
9becomes, with x = a, y = b and z = c:
H = J
∑
n
[(SxnS
x
n+1 + S
y
nS
y
n+1) + S
z
nS
z
n+1]
− µB
∑
n
(
gzzh
eff(−1)nSzn + (−1)ngyxHSxn + gyyHSyn + cos[(2n+ 1)pi/4]gyzHSzn
)
. (S8)
Here we set the parameter gyy = 2.35, chosen slightly smaller than the value of Kimura et al.
S12 in order to reproduce
the critical field of the transition. The other parameters are gyx/gyy = 0.4 and gyz/gyy = 0.14 according to Ref.
S12.
Since heff is introduced from the mean field approximation of the interchain interactions, heff is determined from the
self-consistency equation heff(H)/heff(0) = mz(H)/mz(0), where mz is the staggered magnetization of the Ne´el order
along the c−axis. Scattering cross sections calculated using Eq. (S8) under magnetic field are shown in the main
article.
The chosen set of parameters is the best compromise to reproduce the staggered ordered moments along c and a,
the zero-field excitation spectrum, the value of the critical field and the field-dependence of the magnetic excitations.
DUAL FIELD DOUBLE SINE-GORDON MODEL
The bosonization formula for spin operators is
S+n =
e−iθ(z)√
2piα
[(−1)n + cos 2φ(z) + · · · ] (S9)
Szn =
1
pi
dφ(z)
dz
+
(−1)n
piα
cos 2φ(z) + · · · , (S10)
where z = nc/4 (c is the lattice constant) and α is a nonuniversal constantS13. We take the lattice constant as unity
c = 1 hereafter. The bosonized form of the XXZ model without an external magnetic field is given by
H = v
2pi
∫
dz
[ 1
K
(dφ(z)
dz
)2
+K
(dθ(z)
dz
)2]
− 2λ
(2piα)2
∫
dz cos 4φ(z) + · · · , (S11)
where v is the spinon velocity, K is the Luttinger parameter and λ is a contant having a dimension of energyS13.
These parameters (v,K, λ) are a function of , and they are renormalized when the uniform field along b is applied.
However, there is no simple analytic form to represent v,K, λ as a function of  and the strength of the uniform field.
Since the scaling dimension of the cos 4φ(z) term is 4K and K <∼ 1/2 for  < 1, the cos 4φ(z) term is relevant. Hence it
opens an excitation gap in the system. The staggered field along a effectively induced by the application of transverse
field along b also gives another relevant term
∑
n
(−1)nSxn =
1√
2piα
∫
dz cos θ(z) + · · · , (S12)
which has the scaling dimension 1/(4K). Thus the effective Hamiltonian in the bosonized field theory becomes
Heff = v
2pi
∫
dz
[ 1
K
(dφ(z)
dz
)2
+K
(dθ(z)
dz
)2]
− 2λ
(2piα)2
∫
dz cos 4φ(z)− gyxµBH√
2piα
∫
dz cos θ(z) + · · · . (S13)
Since the Zeeman term of the four-site periodic field along the c axis is irrelevant, it does not appear in Eq. (S13).
This model has two relevant cosine potentials in addition to the kinetic term, which is then called a dual field double
sine-Gordon model. For  < 1 (K <∼ 1/2), the cos θ(z) term has a lower scaling dimension (i.e., is more relevant) than
the cos 4φ(z) term. While the cos 4φ(z) term is dominant for small H, the cos θ(z) term dominates over the cos 4φ(z)
term with increasing H and the phase transition happens.
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